
p ( AF" ) = probability density of AF" 
Y = dependent variable (random) 
px, py = ensemble mean of X ,  Y 
OX, vy = ensemble standard deviation of X ,  Y 
ax2, cry2 = ensemble variance of X ,  Y 
Overlays 

A = estimated improperly 
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A Theoretical Criterion of Transition in the Free Motion 
of Single Bubbles and Drops 
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Quantitative description of the behavior of bubble and 
drop dispersions in continuous fluids is often based on 
the description of free motion of a single bubble or drop, 
whose size is usually defined by the diameter D of the 
voIume equivalent sphere; that is 

D = ( 6 V / ~ r ) ' / ~  (1) 
A coarse classification of the free motion of single bubbles 
and drops distinguishes between two main regimes (Fig- 
ure 1). in regime I, terminal velocity U is induenced by 
viscosity. In regime 2 ,  terminal velocity U is predicted by 
equations that are independent of viscosity. 

In a given combinaiion of clean fluids, there is a criti- 
cal diameter D, such that particle motion is in regime 1 
when D < D, and in regime 2 when D > D,; the ter- 
minal velocity U ,  of a bubble or drop of size Dc is a peak 
velocity (Figure 1). 

A calculable criterion for transition from regime 1 to 
regime 2 is of interest. In a given combination of fluids, 
particle size is the independent variable; the problem is 
the prediction of D,. Implicit and explicit empirical pre- 
dictions of D, have been made in conjunction with ob- 
servation of liquid-liquid systems, for example, Hu and 
Kintner (19551, Klee and Treybal (19561, Krishna et al. 
(1959), Yamaguchi et al. (1975). There are empirical 
predictions for onset of bubble path oscillation (Tsuge 
and Hibino, 1977). In conjunction with other aspects, 
an ad hoc eauation was formulated that aredicts D, in 
both bubble ind drop systems (Lehrer, 1977). 
of this equation is 

4.67 { (2p.d + / ~ , ) / 2 } ' / ~  u1l4 
Dc = 

Pc1'6 (AP g)5/1z 
While the predictive ability of Equation ( 2 )  
favorably with that of others, it still lacks an 
basis. 

One form 

(2)  

compares 
analytical 
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The basic equation for terminal velocity of a single 
particle is derived from the force balance 

T D ~ A ~  g/6 = CD ( rD2/4) ( pc U2/2) (3)  

A new transition criterion is based on the following con- 
siderations. 

In regime 1, particle shape is almost spherical, and 
with increasing U, terminal velocity U becomes greater 
than that of rigid spheres of equal D that are subject to 
the same force ApVg. The drag reduction has been 
ascribed to orderly internal circulation which, near the 
interface, moves parallel to the external flow. The wake 
is only narrow. Such flows have been observed in drop 
experiments (Kintner, 1963), with external streamlines 
resembling those of potential flow. In evaluation of the 
drag of spherical gas bubbles in liquids, Haas et al. 
(1972) showed that due to the assumption of a mobile 
interface, streamlines in the continuous phase almost co- 
incide with those for potential flow. 

In regime 2, particle shape is nonspherical and may 
oscillate strongly; motion may be irregular also. Periodic 
wakes follow air bubbles whose Re is of order lo3 (Lindt, 
1971), and drops move with vortex shedding (Davies, 
1972). 

In view of the foregoing, it is postulated here that at  
the transition from regime 1 to regime 2 in clean sys- 
tems, the interface moves with the velocity 00 of the 
tangential component of potential flow around a sphere. 
In regime 2, irregular and oscillating motion of the inter- 
face eliminates viscosity as a significant calculable factor. 

Related to discussion of drag reduction, Ackeret (1952) 
derived an equation that states the power required to move 
a curved surface that is in contact with viscous fluid, 
the surface moving at the velocity ue of the tangential 
component of potential flow. The power is 

P = - $ T O U ~  dA (4) 

AlChE Journal (Vol. 26, No. 1) 



For the surface of a sphere of radius R in free stream 
velocity U 

The power required to move the surface of the sphere at 
the velocity 0 0  of the tangential component of potential 
flow around the sphere is also the rate of work against 
the drag force, so that with Equations (3) ,  (4) ,  (5) and 
the appropriate equations for 

ro = 3pc U (sinO)/R ( 5 )  

and d A  

P = S ~ P , R  ~2 JOT sin30 de = 1 b b ~  ~2 

= CD aR2pc U3/2 (6) 
From Equation (6)  

(7) 

This is Ackeret’s result ( 1952). 
In the case of bubbles and drops at  the transition point, 

there is motion both inside and outside of the interface. 
Power is required to move the interface at  velocity 0 8  in 
the presence of viscosity pc in the continuous phase and 
viscosity pd in the disperse phase, Applying Equation (6)  
to both sides of the interface, power is, with R = D l 2  

p = 6r (pc  -k p d )  DC UC’ (8) 
The concomitant drag coefficient is, with Equation (3) 

From Equation (9), terminal velocity is 

AP g Dc2 
36(Pc + Pd) 

uc = 

In regime 2, terminal velocity is given by (Lehrer, 
1976) 

U 

‘ I  I /  YDc 
, 1 ,  1 

D 
Figure 1. Terminal velocity 0 vs. bubble or drop diameter D, regimes 

and typical relation for clean fluids of  low viscosity. 

At the transition point, U2 equals Uc (Figure l ) ,  SO 
that from Equations (10) and (11) 

. I  

and from q u a t i o n  (12) 

TABLE 1. OBSERVED AND PREDICTED VALUES OF CRITICAL BU~BLE OR DROP DIAMETER Dc 

System 
Dispersed phase Continuous phase 

Drops in liquid (Thorsen et al., 1968) 

Carbon tetrachloride Water 
Ethylene bromide Water 
Methylene bromide Water 
Bromoform Water 
Tetrabromoethane Water 
Ethyl bromide Water 
o-dichlorobenzene Water 

(Krishna et al., 1959) 

n-amyl phthalate Water 
Aniline Water 
m-cresol Water 

Bubbles in liquid (Habennan and Morton, 1954) 

Air Water 
Air Methanol 
Air Mineral oil 

Range of observed 
diameter D in 

which U > 0.9 Uc 
= range of D,, mm 

1.90 to 2.60 
1.35 to 1.93 
1.34 to 1.71 
1.31 to 1.71 
1.65 to 2.29 
1.87 to 2.78 
2.3 to 3.51 

14.0 to 15.3 
7.5 
6.2 to 7.2 

1.24 to 1.90 
0.80 to 1.40 

4.0 to 6.0 estimated 
Velocity curve without peak, 

Predicted Dc 
Minimum Maximum 

Equation ( 14), Equation (17), 
mm mm 

1.74 
1.43 
1.19 
1.29 
2.12 
1.64 
2.43 

15.7 
6.44 
6.72 

1.25 
0.88 
5.34* 
N.B. 

1.99 
1.64 
1.36 
1.48 
2.44 
1.88 
2.79 

18.0 
7.40 
7.72 

1.44 
1.01 
6.13 

865( 9.81) ( 5.34)2 
0.0207( 10)s * E 0 =  > 6  
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The lower and upper bounds of D, are found as fol- 
lows. At the lower bound EO = (Ap g D 2 / u )  4 0, Equa- 
tion (13) becomes 

. V  

It i s  evident from Figure 1 that the maximum D, value 
that can define a transition point is the value of D at 
the minimum terminal velocity in regime 2, that is, 
U2,minimunL. Differentiation of Equation ( 11) yields this 

value; that is 

Therefore, from Equation (15) 

D at U2,minimum = (6v/Ap g) % (15) 

Eomaximum = 6 (16) 

and at  the upper bound, from Equations (13) and (16) 

D c ,  maximum = 2”’ D c ,  minimum 1.15 D c >  minimum ( 17 ) 

where D ,  minimum is given by Equation ( 14).  
Often, minimum and maximum D, values are close 

enough to define the transition for practical purpose. 
Where this is not so, more accurate estimates can be made 
by substituting D,  values from Equation (14) in E o  in 
Equation (13) to find D,. 

When EO > 6, transition from regime 1 to regime 2 is 
not clearly defined. 

Experimentally found values of D, tend to decrease 
as fluid purity increases (Haberman and Morton, 1954; 
Thorsen et al., 1968). Most experimental results do not 
show a sharply defined peak on the U vs. D curve (Fig- 
ure 1). Therefore, in this work, predicted values of D ,  
are shown in juxtaposition to the range of D, values in 
which U > 0.9 U ,  (Figure 1). 

Table 1 shows calculated values of D, in juxtaposition 
to reported observed values. The systems shown are 
within the following ranges of physical properties: 

pc : 782 t0998kgm-3  

pd : 1.22 to 2 960 kg m--3 

Ap : 17.9 to 1 9 6 3  kg m--3 

pc : 5.2( to 0.058 kg m-1 s-1 

pd : 1.7( to 0.0185 kg mA1 s-l 

u : 0.004134 to 0.0728 kg S-2 

If we consider these ranges and that the simplifying as- 
sumption that the dissipation rate in regime 1 is en- 
tirely due to motion of the interface in viscous fluids and 
the varying extent of contamination that probably exists 
in experimental apparatus, the accuracy of predicting D ,  
is satisfactory. 

CONCLUSION 

A simplified theoretical approach has been used to 
provide quantitative prediction of the transition from the 
viscosity dependent to the viscosity independent regime 
of free motion of single bubbles and drops. The prediction 
method invokes all relevant predictable parameters and 
requires only simple calculations. Accuracy of prediction 
appears to be satisfactory. 

NOTATION 

A = area, L2 
CD = drag coefficient 

D =  

Dc = 
g =  
P =  
R =  
u =  
u, = 
vg = 

v =  

diameter of sphere of same volume as the bubble 
or drop, L 
L) at transition = critical diameter, L 
gravity acceleration, L td2 
power requirement, M L2 t-3 
radius of sphere = D/2, L 
terminal velocity, L t-1 

U at transition = U at D,, L t-’ 
tangential velocity component of potential flow 
around a sphere, L t-l 
voiume of bubble or drop, L3 

Greek Letten 
A = difference 
@ 
p 
p = density, M L-3 
v 
T 

= angle of latitude, origin a t  pole 
= viscosity, M L-’ t-l 

= interfacial tension, M t-2 
= shear stress, M L-’ t-2 

Subscripts 

c 
d 
O = interface 

= continuous phase p, p 
= dispersed phase p ,  p 

Dimensionless Groups 

EO 
Re 

= ap g D2//a = Eotvos number 
= pcL,  U / p c  = Reynolds number 
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